Abstract A graph F is said to be locally primitive if, for each vertex a, the stabilizer in Aut F of a induces a primitive permutation group on the set of vertices adjacent to a. In 1978, Richard Weiss conjectured that for a finite vertex-transitive locally primitive graph F, the number of automorphisms fixing a given vertex is bounded above by some function of the valency of F. In this paper we prove that the conjecture is true for finite non-bipartite graphs provided that it is true in the case in which Aut F contains a locally primitive subgroup that is almost simple.
tried to extend this result to the locally primitive case under the condition that a vertex stabilizer induces a primitive group (abstractly) isomorphic to PSL(n, q) on the set of adjacent vertices; a complete solution is still not available even for this special case. From these results of Trofimov and Weiss, it is easily shown that the Weiss Conjecture is true for graphs of prime valency and for graphs of valency at most 20. We give the details in Proposition 4.1. However, it seems unlikely that the truth of the Weiss Conjecture will be determined by a consideration of all possible local actions.
The strategy used in the proof of the Sims Conjecture was to apply the 0'Nan-Scott Theorem for finite primitive permutation groups to reduce the problem to the case where the primitive group G is almost simple, that is S ^ G ^ Aut(S) for some non-abelian simple group 5. A result of Thompson [15] showed that a vertex stabilizer has a normal p-subgroup the index of which is bounded above by a function of the size d of the suborbit. This result, combined with explicit information about the various families of finite simple groups, led to a complete proof of the Sims Conjecture. Thus the proof depends on the classification of the finite simple groups.
Unfortunately, there seems to be no reduction possible for Weiss's Conjecture to the case of finite vertex primitive graphs. However, for finite non-bipartite graphs, a reduction for Weiss's Conjecture was obtained by the third author [8, § 3] to the case where the locally primitive group of automorphisms is quasiprimitive on vertices, that is, every nontrivial normal subgroup is transitive on vertices. In this paper, we apply the O'Nan-Scott Theorem for finite quasiprimitive permutation groups proved in [9] to reduce the proof of Weiss's Conjecture for non-bipartite graphs to the case where the locally primitive group of automorphisms is almost simple. We discuss some of the difficulties that are encountered in the almost simple case in §3, and we end with some remarks on the consequences of the work of Weiss and Trofimov [18] [19] [20] [21] in §4.
Let F be a finite connected graph, and let G be a subgroup of Aut F, the automorphism group of F. For a vertex a of F, let F(a) denote the set of vertices adjacent to a in F. Then F is said to be G-locally primitive if, for all vertices a, G a induces a primitive permutation group G a on F(a). For non-bipartite graphs F it is easy to show that, if F is G-locally primitive, then G acts transitively on the vertices of F. Thus, for nonbipartite graphs, Weiss's Conjecture is the following.
Weiss Conjecture for non-bipartite graphs (see [21]). There exists a function / : N -> N such that, if F is a finite, non-bipartite, G-locally primitive graph of valency d, then for a vertex a, \G a \ ^ f{d)-
We may also state this conjecture in the quasiprimitive almost simple case as follows. The socle soc(G) of a group G is the product of its minimal normal subgroups, and a finite group is said to be almost simple if its socle is a non-abelian simple group. 
Preliminaries
First we prove a simple property regarding the primes that divide |/f |, where if is a subgroup of automorphisms of a connected graph and H fixes a vertex. We denote the vertex set of a graph F by VF and the edge set by EF. group G and a core-free subgroup H of G, we can construct connected graphs F such that G < Aut.T and G is arc-transitive as follows (see [12] ). Such a graph has the following properties.
Lemma 1.3 (see [12]). Let F = F(G,H,g) be a graph defined as in Definition 1.2. Then G, acting by right multiplication, is a subgroup of Aut F and G a = H, where a is the vertex H of F. Moreover, F is a connected G-arc-tmnsitive graph of valency \H :Hn H»\. Conversely, ifG acts faithfully and arc-transitively on a finite connected graph F, then F = F(G, H, g) for some core-free subgroup H < G and some g G G as in Definition 1.2.
A graph E is called a quotient graph of a graph F if there is a surjective map p from VF to VE such that p preserves the adjacency relation, that is p induces a surjection from EF to EE. It easily follows that if K is a subgroup of G containing H, {H, g) = G and
quotient graph of F(<3,H,g).
A permutation group G o n a set i? is said to be regular if G is transitive on H and G a = 1 for every a G Q.
Lemma 1.4 (see [7, Lemma 2.1]). Let F be a connected graph and suppose that G ^ Aut F is transitive on VF. Suppose that N is a normal subgroup of G which is regular on VF. Then G -N x G a and G a is faithful on F(a).

Lemma 1.5 (see [2, Theorem 4.2A]). Let G be a transitive group on Q, and let
Csym(fi)(G0 be the centralizer of G in Sym(l7). If Cs ym (n)(G) is transitive on Q, then G is regular on Q.
For a non-negative integer i, let Fi(a) be the set of vertices of F that are at distance at most i from a, and let Gi(a) be the kernel of G a on 21 (a), that is, the subgroup of G a that fixes every vertex in Fi{a). Clearly, Gi{a) is normal in G a , and further we have the following lemma. 
we have that a = a 9 * = 0 9 and it follows that Gi{0) 9 
In § 2 we shall consider quasiprimitive permutation groups G, that is subgroups G Ŝ ym(J?) such that all non-trivial normal subgroups of G are transitive on Q. For the proof of the Main Theorem we shall need the next lemma about the action on a Gquasiprimitive (7-locally primitive graph F of a normal subgroup N of G.
Proposition 1.7. Suppose that G is quasiprimitive on the vertex set of a Gnite connected graph F and that Ga' is primitive, for a G VF". Let N be a non-trivial normal subgroup ofG.
If N e (a) = 1 for some integer e, then G e +i(a) = 1.
Proof. Since G is quasiprimitive, N is transitive on V F. If iV is regular on VF, then the result follows from Lemma 1.4. Thus we may assume that AT is not regular on VT. So N a ^ 1 and, since F is connected, it follows that Na {a)
is a normal subgroup of the primitive group G a , N a is transitive on F(a). Hence F is AT-arc-transitive, so, by Lemma 1.3, F = F (N,N a ,g ) for some g e N such that (N a ,g) = N. If G e (a) = 1, the result is true so we may assume that G e (a) ^ 1. Now NC\G e (a) = N e (a) = 1. The normal subgroups N a and G e (ct) oiG a normalize each other and so centralize each other. Let j3 := a 9 . By Lemma 1.6, G e +i(ct) ^ G e (a) f~lG e (/?) and 4, G = N x G a and G a is faithful on F(a) . Therefore, G a ^ S<j and \G a \ ^ d\. Thus we may assume that G has no regular normal subgroup. In particular, N is not regular on VF, so, by Lemma 1.3, F = F (N,N a ,g ) for some 2-element g G N such that g 2 G iV Q and N = (N a ,g ). Suppose that JV has a normal subgroup L that is regular on VF. By Lemma 1.4, N = L x N a and N a is faithful on F(a). Thus N^a ) = 1, and hence, by Proposition 1.7,
From the O'Nan-Scott Theorem for finite quasiprimitive permutation groups in [9] , one of the following holds: TV has a regular normal subgroup, or AT is a non-abelian simple group (so G is almost simple), or G has type PA. The third type PA is described as follows (see [11] ). The socle N = 7\ x • • • x T} = T l for some finite non-abelian simple group T and integer / > 2. There is a proper subgroup RoiT such that N a is a subdirect product of R l , that is, N a projects onto each of the direct factors R. This means that G a < L = G a R l < G so that there is a G-invariant partition S of VF such that L is the setwise stabilizer of the block a of E containing a. Moreover, the action of G on E is faithful and is permutationally isomorphic to the product action of G on a set A 1 . We may identify E with A 1 and we have G ^ W = HwrSi, where H < Sym(^) and H is an almost simple group with socle T which is quasiprimitive on A, N is the socle of W, and W acts on E in product action.
Our next result deals with quasiprimitive groups of type PA under the assumption that the almost simple Weiss Conjecture is true. Because we consider three different graphs in the proof of this proposition, we shall use a refinement of the notation G e (a) for a subgroup G < Aut-T fixing F e (a) pointwise, namely, we shall write G e (a) = G e (a;F). [9] or [11] 
Proposition 2.2. Suppose that G is of type PA (as in
)-Assume that the almost simple Weiss Conjecture is true. Then \G a \ is bounded by a function of d.
Proof. We have N = T x x • • • x T; = T l
, where each T t = T is a non-abelian simple group, and I > 2. Moreover, there is a G-invariant partition E of VF such that the action of G on E is faithful and is permutationally isomorphic to the product action of G on a set A 1 . As above, we identify E with A 1 and we have G ^ W -HwrSi, where H ^ Sym(.zl) and H is an almost simple group with socle T which is quasiprimitive on A, N is the socle of W, and W acts on E in product action. So, for a = (5,..., 5) 6 E = A 1 , W a = H s wrSj. Moreover, setting R := H s F\T, if a 6 VF belongs to the 'block' a of E, then it was proved in [9] that N a is a subdirect product of N a = R 1 , that is A^Q projects onto each of the I direct factors R of N&.
We complete the proof by showing that there exists a positive integer e that is bounded by a function of d such that N e (a; F) = 1, using the assumption that the almost simple Weiss Conjecture is true. Note that G permutes {Ti,... ,TJ} transitively by conjugation since G is quasiprimitive. Further, if G\ is the subgroup of index I in G that normalizes T\, then G\ induces a subgroup of Sym(4) in its action on the first coordinates of elements of £; this subgroup is almost simple with socle T and we take H to be this subgroup. In particular, since N is transitive on E, it follows that the subgroup {G\) a induces the group Hi in its action on the first coordinates of elements of E.
As (8) 1 containing 77, then B Ga is a partition of r] Ga preserved by G a (and note that each member of B Ga is a subset of #( (5)'). Since the permutation groups induced by G a on 77°° and on F(a) are permutationally isomorphic, G a is primitive on r) Ga . Hence, B Ga is a trivial block system for G a in r) Ga . However, 1 < |Bi| < \${8)\ and 77°° projects onto $(6) in the first coordinate, so B is a non-trivial block, which is a contradiction. Hence where I < log 2 ci. Now we are ready to prove the main theorem.
Proof of the Main Theorem. Recall that G is quasiprimitive on VF so that its socle N is transitive on VF. If N has a normal subgroup that is regular on VF, then, by Proposition 2.1, the Main Theorem holds. Thus assume that N does not have a normal regular subgroup on VF. Prom the O'Nan-Scott Theorem for quasiprimitive groups proved in [9] , we easily conclude that G is of type PA or G is almost simple. Therefore, by Proposition 2.2, the theorem holds.
•
Almost simple case
In this section we use some examples to discuss the almost simple Weiss Conjecture. We still use F to denote a finite connected non-bipartite graph of valency d > 2, and let G be a subgroup of Aut F that is transitive on VF, and such that for a G VF, G a is primitive on F(a). We also assume that F = F(G,G a ,g) for some 2-element g (in the sense of Definition 1. Clearly, a similar argument can be used for some other classes of almost simple groups, in particular for the almost simple Lie-type groups of Lie rank one. However, we do not think that it can easily be extended for arbitrary almost simple groups. In particular, we have been unable to prove the conjecture in the case where G is A n or S n . We end with a discussion of this family of groups. Example 3.3. Let G = A n or S n , which naturally acts on X = {1,2,..., n}. Then the possibilities for G a can be divided into three classes:
(ii) G a is transitive on X but has a non-trivial intransitive normal subgroup; and (iii) G Q is quasiprimitive on X. This observation is sufficient to prove the Weiss Conjecture for stabilizers in case (iii), that is, for G a quasiprimitive on X. It follows from the O'Nan-Scott Theorem in [9] that K = Z° and G a /K ^ GL(a,p) for some a ^ 1. Now, G a /K induces a faithful permutation group on Fiia) so that \G a /K\ ^ f(d) for some function /. On the other hand, as G a is primitive on X, the {G a /K)-oxhit containing a non-zero element of K contains a basis {xi, X2,... 
Some remarks
Here we discuss some consequences of the work of Weiss and Trofimov [16] [17] [18] [19] [20] [21] [22] [23] [24] for the Weiss Conjecture. is 2-transitive and the proposition follows from [18, 19] . Suppose now that d ^ 20 and that d is not a prime. Then, by [2, Appendix B], G a is 2-transitive, or is almost simple with socle PSL(n, q) for some integers n^5 and q. By [18] [19] [20] [21] , |G Q | is bounded by a function of d.
• These arguments can be extended relatively easily to larger values of the valency d. If d = 21, the only primitive group G a that is neither affine nor 2-transitive is G a = A7 or S7 on pairs. Similar arguments establish the conjecture for d = 22, 23 and 24, and for all primitive local actions of degree 25 except primitive groups G a in product action with socle A 5 x A5.
